A new method is developed for obtaining entanglement witnesses ( EW ) and Bell operators for n-qubit state.
The importance of entanglement in quantum mechanics is enormous. There are various methods to determine entanglement of quantum states. For 2 qubits the Peres-Horodecki (PH) [1, 2] partial transpose criterion is necessary and sufficient for entanglement. For more than 2 qubits there is no such criterion. Also for more than 2 qubits there are various possibilities for entanglement, .e.g., for 3 qubits there is full separability, bi-separability and genuine entanglement [3, 4] . Bell operators and entanglement witnesses (EW) are very interesting since: a) Bell operators enable us to negate the possibility of a local-hidden-variables (LHV) model for a quantum state (e.g. [5] [6] [7] [8] [9] [10] [11] ). b) Entanglement witnesses (EW) enable us to negate separability of a given quantum state (e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] ). In the present work, we suggest a simple method for choosing a Bell operator or EW for a given state.
Let Ô represent either a Bell operator or EW. Given a density matrix ρ the interesting quantity in both cases is given by ( ) 
Eq. (1) can be generalized for any n-qubits system by replacing 8 by 2 n and e. g for 4-qubits system , , l m n will be changed to , , , l m n o etc. For 3-qubits the HS parameters of φ φ are given by
So, the HS decomposition of φ φ is given by
Without loss of generality we write
where ˆW G is a certain operator (with ( ) 0 W Tr G = )), leading to the value of α and to the condition for entanglement by the conditions I and II described above. Condition I becomes
Our method for choosing the Bell operators or EW is different from other ones (e.g. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ) as it is based on the use of Hilbert-Schmidt (HS) decomposition for the given state. In previous work we used the HS decomposition to obtain sufficient conditions for separability/biseparability [29] [30] [31] [32] [33] [34] . In the present one we use it to obtain sufficient conditions for entanglement/no LHV model. In some cases the bounds of separability/entanglement coincide so in those cases we have a necessary and sufficient condition for entanglement.
One should take into account that the full HS decomposition of n-qubits density matrix is given by
;
The HS parameter , , 
Obviously, the only terms that contribute to the expectation value ( ) Tr Oρ are those HS terms that are common to Ô and ρ . Therefore Ô should be chosen so as to include in its HS decomposition (at least) some of the HS terms of ρ , not necessarily with the same coefficients. In the present work we treat various entangled quantum systems represented by a density matrix Ent ρ of n-qubits which is mixed with white noise, so that Ent
The subscript WN denotes the admixture of white noise with probability 1 p − , with Ent ρ with probability p . By reducing the value of p we arrive at a certain critical value crit p at which there may be LHV model for WN
The use of EW is made in 2 steps: First, we calculate the parameter α by using Eq. (5).
One may choose Ĝ as Bell operator B [12, 25] or as the density matrix ρ (in our notation without the unit operator), e.g. [14, 16, 19, 26] , but in general it may be neither of these cases.
Substituting Eq. (3) and Eq. (10) in Eq. (5), we get:
In the examples below we show explicitly calculations of α . In the second step we check condition II : ( ) 0
W Tr E ρ < for entanglement. Mixing the entangled density matrix Ent ρ with white noise we obtain WN ρ (Eq. (8)). Then condition II for entanglement becomes:
Taking into account that W G is traceless, Eq. (12) becomes:
Hence the critical value crit p is given by:
An important advantage of the present method is that separability/ nonseparability of the quantum state can be checked by measurements of only those HS terms which are common to Ĝ and ρ , which in many cases are quite few. We demonstrate the use of our methods for the following simple cases of Bell operators and EW.
a)
We treat here a density matrix with maximally disordered subsystems (MDS) [35, 33, 34] ,
i.e. a density matrix for which tracing over any subsystem gives the unit matrix of the remainder. Sufficient conditions and explicit expressions for biseparability of such states were analyzed in our previous work [33, 34] . While the calculations are made here for the following simple mixed density matrix the method can easily be generalized to any MDS density matrix.
We assume:
where R is a constant. 
as the maximum of the terms included in the square brackets is 1.
Condition II for entanglement (not full separability) requires:
Hence for 1 / 3 1 / 3 R < ≤ this density matrix is not fully separable but bi-separable and this EW is optimal. 
The full density matrix of ( ) 3 
GHZ
in the HS decomposition is given by [31, 33] ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
Note that ,3GHZ
B is identical to the Mermin's Bell operator [37] and that ( ) 3 
is an eigenstate of ,3GHZ
B with eigenvalue 4. Therefore the quantum limit is 4 while the classical bound is 2 so that the ratio between the classical bound and the quantum value is 1/2.
Adding white noise to ( ) 3 
, using Eqs. (8) and (9) 
Note that we added the term ( ) ( ) ( ) 
For condition II we have 
Here the classical bound is 2 
Here we added the term ( ) ( ) ( ) 
which is equivalent to
,3 
The condition 3 11 p > obtained by the present witness extends the region of entanglement below 13 21 obtained by using EW with the full density matrix ( [16] , (Table 1) ). 
Again we added a term ( ) ( ) ( ) ( )
Condition I in this case implies: 
1(
The condition 1 9 p > obtained by the present witness extends the region of entanglement below 7 15 obtained by using EW with the full density matrix ( [16] , (Table 1) ).
d) The (4) W state is ( ) 2 4 0001 0010 0100 1000
We choose the Bell operator to consist of the 4-qubits correlations i. e. , , , 
Condition I in this case implies:
max 6cos cos cos cos cos cos sin sin cos cos sin sin cos cos sin sin cos cos cos 1 max 2 sin cos sin cos cos sin cos cos sin cos cos sin 
The condition 1 / 2 p > obtained by the present witness extends the region of entanglement below 11/ 15 obtained by using EW with the full density matrix ( [16] , (Table 1) ).
e) The cluster state 4 Cl is given by: 4 2 0000 0011 1100 1111
A judicious choice of the Bell operator is: 
The condition 1 / 4 p > obtained by the present witness extends the region of entanglement below 7 15 obtained by using EW with the full density matrix ( [16] , (Table 1) ).
In summary, we showed how to specifically tailor an operator Ô representing Bell operator or EW for a given density matrix of n qubits. In the examples we found it convenient to choose for Bell and EW operators some (or all) of the n-qubits correlations for the n-qubits system (with a possible change in their numerical coefficients). For special cases the EW could be improved by adding a product which includes the unit operator. In order to check the separability/ nonseparability one needs to measure experimentally only those HS parameters that are common to Ô and ρ ; no need to measure other parameters of ρ .
